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SUMMARY 

A new c l a s s   o f   n o n i d e a l   s o l u t i o n s   i s   d e f i n e d   b y   c o n s t r u c t i n g  a f u n c t i o n  
t o   r e p r e s e n t   t h e   c o m p o s i t i o n   d e p e n d e n c e   o f   t h e r m o d y n a m i c   p r o p e r t i e s   f o r  mem- 
b e r s   o f   t h e   c l a s s ,  and some p r o p e r t i e s   o f   t h e s e   s o l u t i o n s   a r e   s t u d i e d .  The 
c o n s t r u c t e d   f u n c t i o n   h a s   s e v e r a l   u s e f u l   f e a t u r e s :  (1) I t s   p a r a m e t e r s   o c c u r  
l i n e a r l y .  ( 2 )  It c o n t a i n s  a l o g a r i t h m i c   s i n g u l a r i t y   i n   t h e   d i l u t e   s o l u t i o n  
r e g i o n   a n d   c o n t a i n s   i d e a l   s o l u t i o n s  and r e g u l a r   s o l u t i o n s   a s   s p e c i a l   c a s e s .  
( 3 )  It i s  a p p l   i c a b l e   t o   N - a r y   s y s t e m s  and reduces   to   M-ary   sys tems (M < N) 
i n  a f o r m - i n v a r i a n t  manner.  The a b i l i t y   o f   t h e   f u n c t i o n   t o   d e s c r i b e   d x t a  
f o r  a r e a l   s y s t e m  i s   t e s t e d   i n  a compan ion   repor t  (NASA TP-1930). 

INTRODUCTION 

The e f f e c t i v e   a p p l i c a t i o n   o f   c l a s s i c a l   t h e r m o d y n a m i c s   t o   c o m p l e x   p h y s i -  
ca l   p rob lems demands t w o   t h i n g s .   F i r s t ,  i t  r e q u i r e s  an u n d e r s t a n d i n g   o f   t h e  
f o u n d a t i o n s   o f   t h e r m o d y n a m i c s   i n   o r d e r   t o   a p p r e c i a t e   b o t h   i t s   c a p a b i l i t i e s  
and i t s   i n h e r e n t   l i m i t a t i o n s .  Second, i t  demands conven ien t  and a c c u r a t e  
m a t h e m a t i c a l   r e p r e s e n t a t i o n s   o f   t h e r m o d y n a m i c   d a t a   i n   o r d e r   t o   f a c i l i t a t e  
t h e i r  use i n   c o m p u t a t i o n s .  On t h e  one  hand, t h e o r e t i c a l   s t u d i e s   o f   t h e r m o d y -  
namics   a re   g radua l l y  and s u c c e s s f u l l y   e x p o s i n g   i t s   f o u n d a t i o n s   ( r e f .  1). On 
t h e   o t h e r  hand, theore t ica l   thermodynamic   s tud ies   have  had l i t t l e   r e a l  suc- 
cess i n   g u i d i n g   u s   t o  an   accu ra te   rep resen ta t i on   o f   t he rmodynamic   da ta .  The 
many d i f f e r e n t   f u n c t i o n s   w h i c h   h a v e  been,  and are  be ing,   used t o   r e p r e s e n t  
the  composi t ion  dependence o f  thermodynamic  propert ies  are  ample  evidence o f  
t h i s .  Each o f   t h e s e  many f u n c t i o n s ,  some w h o l l y   e m p i r i c a l  and o t h e r s   w i t h  a 
t h e o r e t i c a l  base,  has  been  used t o   g i v e  a n   a d e q u a t e   r e p r e s e n t a t i o n   o f   d a t a  
o n l y   f o r  a l i m i t e d  number o f  systems o r   f o r  a r e s t r i c t e d   c o m p o s i t i o n   r a n g e .  
None o f  them seems t o  h a v e   t h e   f l e x i b i l i t y   t o   d e a l   w i t h  a l a r g e   v a r i e t y   o f  
s y s t e m s   o v e r   t h e i r   e n t i r e   c o m p o s i t i o n   r a n g e .  It would  be a great  computa- 
t i o n a l   c o n v e n i e n c e   t o   h a v e   a v a i l a b l e  a r e l a t i v e l y   s i m p l e   " u n i v e r s a l "   f u n c t i o n  
o f   c o m p o s i t i o n   v a r i a b l e s   w h i c h   i s   c a p a b l e   o f   a d e q u a t e l y   r e p r e s e n t i n g   t h e   d a t a  
f o r   a l l  s y s t e m s   o v e r   t h e   c o m p l e t e   r a n g e   o f   c o m p o s i t i o n s  and which  can  be  used 
f o r   i n t e r p o l a t i o n  and e x t r a p o l a t i o n   o f   t h e   d a t a .  As n i c e  as t h i s   w o u l d  be, 
we have  no   assurances   e i ther   tha t   such a f u n c t i o n   e x i s t s   o r ,  i f  i t  e x i s t s ,  
t h a t  we c a n   f i n d  it. I n   f a c t ,   g i v e n   t h e   d i v e r s i t y   o f   p h y s i c a l   s y s t e m s ,  i t  
i s  more l i k e l y   t h a t  such a u n i v e r s a l   f u n c t i o n   c a n n o t   b e   f o u n d .  However, it 
does seem r e a s o n a b l e   t o   e x p e c t   t h a t  we c a n   c o n s t r u c t  a f u n c t i o n   w h i c h   i s ,   i n  
t h i s   r e s p e c t ,  an  improvement  over  those  already  being  used. 

I n   t h i s   r e p o r t  I s h a l l   f i r s t   b r i e f l y   s u r v e y  some o f   t h e   c o m p o s i t i o n  
func t ions   wh ich   have  been  used  to   represent   thermodynamic   da ta .  Then I will 
c o n s t r u c t  a new f u n c t i o n   w h i c h  I p r o p o s e   f o r   t h e   r e p r e s e n t a t i o n   o f   d a t a .  
F i n a l l y ,  I sha l l   examine  some o f   t h e   p r o p e r t i e s   o f   t h e   c l a s s   o f   s o l u t i o n s  
w h i c h   c a n   b e   r e p r e s e n t e d   b y   t h i s   f u n c t i o n .  The a p p l i c a t i o n   o f   t h e  new 
r e p r e s e n t a t i o n   t o   t h e   e x p e r i m e n t a l   d a t a   f o r  a few d i f f e r e n t   s y s t e m s   i s   d i s -  
cussed i n  a c o m p a n i o n   r e p o r t   ( r e f .  2 ) .  

I n  making a s u r v e y   o f   t h e   f u n c t i o n s   w h i c h   h a v e   b e e n   u s e d   f o r   t h e  compo- 
s i t i o n  dependence o f  t h e r m o d y n a m i c   p r o p e r t i e s   o n e   q u i c k l y   r e a l i z e s   t w o  
t h i n g s .   F i r s t ,   m o s t   o f   t h e   f u n c t i o n s   t e n d   t o   b e   e x p r e s s e d   i n   t e r m s   o f   p o l y -  
n o m i a l s ;   s e c o n d ,   b y   f a r   t h e   g r e a t e s t   v a r i e t y   o f   f u n c t i o n s   h a s   b e e n   a p p l i e d  
t o   b i n a r y  systems, w i t h   t e r n a r y   s y s t e m s   b e i n g   i n  a d i s t i n c t  second  place. 
T h i s   i s  a natura l   consequence  o f   the  need t o   d e a l   w i t h   t h e   i d i o s y n c r a s i e s   o f  
a c t u a l   d a t a   f o r  a p a r t i c u l a r   s y s t e m  and t h e   f a c t   t h a t   e x p e r i m e n t a l   d a t a   h a v e  



been p r e t t y  much c o n f i n e d   t o   b i n a r y  systems w i t h  a s m a l l   s p r i n k l i n g   o f   t e r n -  
a r y  systems.  Marsh ( r e f .  3)  has  observed t h a t  many o f   t h e   a p p r o x i m a t i o n s   t o  
the  thermodynamic  excess  funct ions  o f   b inary  systems  can  be  regarded as 
spec ia l   cases   o f  a r a t i o n a l   f u n c t i o n   o f   t w o   p o l y n o m i a l s .  Thus i f  AG i s  
the  excess  Gibbs  f ree  energy  per  mole,  T the   abso lu te   tempera ture ,  R t h e  
un iversa l   gas   cons tan t ,  and ~ 1 ~ x 2  mole   f rac t ions ,   then  he   cons idered 
f u n c t i o n s   o f   t h e   f o r m  

O f  course, f o r   b i n a r y  systems x 1  + x2 = 1 and e q u a t i o n   ( 1 )   c o u l d   b e   w r i t t e n  
as a f u n c t i o n   o f   x 1   o r   x 2  a lone.   Approx imat ions  o f   the  type (1) can 
c lea r l y   be   rega rded  as  Pade  approximants  ( ref .   4)   of   numerator  degree m and 
denominator  degree n f o r  AGIX x ~ R T ,  and t h i s   g i v e s  us a conven ien t   c lass i -  
f i c a t i o n  scheme f o r   d i s c u s s i n g  t k e  many expressions  used f o r   b i n a r y  systems. 
The approximants [O,m] and [n,O] have  been  discussed  by Van Ness ( r e f .  5 ) .  
O t t e r s t e d t  and  Missen  ( re f .  6 )  r e f e r   t o   t h e   a p p r o x i m a n t  [O,m] as the   genera l  
Margu les   representa t ion  and r e f e r   t o   a p p r o x i m a n t s   o f   t h e   t y p e  [n,O] as t h e  
genera l  van L a r r   r e p r e s e n t a t i o n  because [1,0] corresponds t o   t h e   o r i g i n a l  van 
L a a r   f o r m   ( r e f .  7 ) .  Myers  and S c o t t   ( r e f .  8) used the  approximants [ l ,m],  
m < 4, which  might  be  regarded as mod i f i ed   Margu les   rep resen ta t i ons   a l t hough  
thFy   cou ld   equa l ly   we l l   be   v iewed as g e n e r a l i z a t i o n s   o f   t h e  van  Laar  form. 
Van Ness  and coworkers  suggested  three  equat ions  which  they  regarded as mod- 
i f i c a t i o n s   o f   t h e   M a r g u l e s   f o r m .   A b b o t t  and Van Ness ( re f .   9 )   sugges ted   t he  
forms  [1,2]  and [2,3], w h i l e  Shatas,  Abbott,  and Van Ness ( re f .   10)   p roposed 
t h e   f o r m  [3,4] - a l l   a r e  of t h e   t y p e  [m - 1, m]. The f i r s t   o f   t h e s e  i s  a 
spec ia l   case  o f   the   func t ions   used  by   Myers  and Scott .   Marsh  expressed  the 
second o f   t h e s e  as a r a t i o  of two   quadra t i cs   bu t ,   f r om  the   Abbo t t  and Van 
Ness v e r s i o n   o f   t h e   f o r m u l a ,  i t  i s   c l e a r   t h a t   t h e   n u m e r a t o r   m u s t  be a cub ic  
po lynomia l  and t h e r e f o r e   M a r s h ' s   f o r m u l a s   r e l a t i n g   t h e   c o e f f i c i e n t s   i n  equa- 
t i o n   ( 1 )   t o   t h o s e  used  by  Abbott and Van Ness may be i nco r rec t .   No t   on l y  
can  approx imants  o f   the  type [n,O] and [ l ,m ]  be  regarded as g e n e r a l i z a t i o n s  
o f   t h e  van L a a r   f o r m  [l,O], b u t   a l s o   t h e r e   e x i s t s  a t h i r d   t y p e   w h i c h   c a n  be 
viewed l o g i c a l l y   i n   t h e  same way. These  are  the  approximants  [n, n - 11 
s i n c e   t h e y   t o o   c o n t a i n  [ l , O ]  as a s p e c i a l  case.  These  approximants  also  in- 
c lude  as specia l   cases  the  "+equat ions"   o f  Wohl ( r e f .   1 1 )   f o r   b i n a r y  sys- 
tems. H i s   ( n  + 1) -su f f i x   q -equat ion   cor responds  to   the   approx imant  [n, n - 11 
i f  t h e   c o e f f i c i e n t s   o f   t h e   d e n o m i n a t o r   p o l y n o m i a l   a r e   o f   t h e   f o r m  

B . = B j  ( y ) ,  j = 0, 1, . . . , where ( y )  i s  a b i n o m i a l   c o e f f i c i e n t  and t h e  B 

o n   t h e   r i g h t   i s  a parameter   express ib le  i n  terms  of   Wohl 's  parameters q1 

and q2. Thus B = ( q1 - q 2 ) / (  q1 + 4,). Wohl a c t u a l l y   c o n s i d e r e d   o n l y   t h e  

cases n = 1, 2, 3, 4.  There i s   s t i l l  ano the r   app rox ima t ion   o f   b ina ry  
propert ies  which  should  be  ment ioned. It i s   t h e  s q u a r e   r o o t   f u n c t i o n   o f  
O t t e r s t e d t  and M i s s e n   ( r e f .  6 )  and i s  not   o f   Pad6  approx imant   type.  

J 
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O t t e r s t e d t  and  Missen  use n 1  = 1 and Bandreth  ( re f .   12)   uses  n1 = 2. 

c a b l e   t o   b i n a r y  systems. If we w i s h   t o   c o n s i d e r   s y s t e m s   w i t h  N c o n s t i t u -  
ents  (N-ary  systems),   then we must  use  other  forms  which,  of  course, will 
a p p l y   t o   t h e   b i n a r y   f o r m s   f o r  N = 2. The  most  obvious  expression one cou ld  
wr i t e   wou ld   be  an a n a l o g   t o  a t runcated  Tay lor   expansion,  and it cou ld  be 
t h o u g h t   o f  as  a v i r i a l  expansion. 

The  functions  which  have  been  mentio'ned t o   t h i s   p o i n t   a r e   o n l y   a p p l i -  

AG 
R T =  

N N N  N N N  

i=l 1=1 J=l lJ ' i=l j=1 k = l  
A + Aixi + A .  . x . x .  + Aijkxixjxk ... 

Benedict,  Johnson, Solomon, and  Rub in   ( re f .   13)  used  an   equat ion   o f   th is  
type;   however ,   they  rest r ic ted i t  t o  use   on l y   t he   quadra t i c ,   cub ic ,   o r  
q u a r t i c   t e r m s .   N o t   a l l   o f   t h e   c o e f f i c i e n t s   i n   e q u a t i o n  ( 3 )  are  independent 
s ince   t he   coe f f i c i en ts   mus t   be   symmet r i c   i n   t he   i nd i ces .   A l so   s ince  AG i s  
a n   e x c e s s   f u n c t i o n ,   t h e n   f o r   a l l  i A + A i  + Aii + A-ii + .. . = 0. Another 
fo rm  wh ich   can   a lso   be   in te rpre ted  as a t r u n c a t e d   T a y l o r   s e r i e s   b u t   w i t h  
d i f f e r e n t   t e r m   g r o u p i n g s   i s  

M M  M $ =  ... A n2 nN x 1  x2 X N  
nl=O n -0 2- nN=O nN n1n2 ... 

T h i s   f o r m   o f   r e p r e s e n t a t i o n  was used  by  Pelton and B a l e   ( r e f .   1 4 )   f o r  a 
te rnary   sys tem ( N  = 3 ) .   T h e   c o e f f i c i e n t s   i n   e q u a t i o n  ( 4 )  m u s t   s a t i s f y  

M M M 

n 1=0 n2=0 nN=O Anloo . . . 0 = A0n20 . . . o = 0 . .  = AOOO . . . nN = o  

f o r  excess  funct ions.  A var ian t   o f   equat ion   (3 )   wh ich   has  been g iven  cons id-  
e r a b l e   a t t e n t i o n   i s   t h e   a p p r o x i m a t i o n  

N N N  N N N ?  
C A i X i  A .  .x .x  e e A i j k  x 1 .x J .x k 

AG i=l + i=l j=1 'J ' j + i=l ~ = 1  k = l  + 
.. . N (2.l ' , 

n 

\- 

F o r   t h e   c h o i c e  A i  = 0 t h i s  becomes t h e  N-ary ve rs ion   o f   Woh l ' s   ( re f .  11) 
q-equations f o r   t e r n a r y  systems,  which  he  wrote  through  quart ic  terms. 
Another  well-known  speci a1 case can be  ob ta ined  f rom  equat ion  ( 5 )  i f  we 
choose A i ,  A i  'k, and a l l   h i g h e r - o r d e r   c o e f f i c i e n t s   a s   z e r o .   S u p p l e -  
men t ing   t hese   Sond i t i ons   w i th  Bk = 1 and A k j  = w ( 1  - 6,-)/2, where 
6 e j  = 6 j e  i s   t h e   K r o n e c k e r   d e l t a ,   g i v e s   t h e   e x c e s s   G i b b s   { r e e   e n e r g y   f o r  
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t h e   r e g u l a r   s o l u t i o n s   o f   H i l d e b r a n d   ( r e f .   1 5 ) .  If ins tead  we p i c k  A k j  
= W(1 - 6,j)BkBj/2,  then we o b t a i n  an   N-ary   genera l i za t ion  of t h e   b i n a r y  
van   Laa r   so lu t i ons ,   t ha t   i s ,   t hose   cha rac te r i zed   by   t he   app rox iman t  [l,O]. 
Perhaps  the  most  extensive  use  of   equat ion ( 5 )  has  been  by P i t z e r  and 
coworkers  ( re f .  16) ,  who app l i ed  it t o  aqueous e l e c t r o l y t e   s o l u t i o n s .   T h e i r  
excess   func t ion   can  be ob ta ined   f rom  equa t ion  ( 5 )  b y   s e l e c t i n g  A i  = 0 
f o r   a l l  i, B i  = 0 f o r  i $ 1, and B1 equal  t o   t h e   m o l e c u l a r   w e i g h t  Of 
w a t e r .   T h e   f o r m   o f   t h e   f i r s t   t e r m   i n   e q u a t i o n  ( 5 )  a lso  suggests an N-ary 
ana log   o f   t he  Pad6  approx imants   fo r   b inary   sys tems,   tha t   i s ,   the   ra t io  of 
t w o   f u n c t i o n s   o f   t h e   k i n d  shown i n   e q u a t i o n   ( 3 ) ,   a l t h o u g h  I know o f  no 
ins tance where  such  an approximat ion  has  been  at tempted  other  than  the  two 
specia l   cases  just   ment ioned.  

t h e   p o l y n o m i a l s .   T h i s   i s   n o t   t r u e   f o r   t h e   n e x t  example. 
Each o f   t h e   f u n c t i o n s   m e n t i o n e d   t o   t h i s   p o i n t  has  been f i rmly r o o t e d   i n  

T h i s   f u n c t i o n  was g iven  by Renon  and P r a u s n i t z   ( r e f .   1 7 ) ,  who a c t u a l l y  
wrote i t  w i t h   C i k . =   A i k .  It con ta ins  a number o f   func t ions ,   p roposed 
by   o thers ,  as specia l   cases.  I f  B = 0, i t  becomes the   Wi lson   equat ion  
( r e f .  18). It becomes the   equa t ion  of He i  1 and P r a u s n i t z   ( r e f .  19) f o r  
B = -A = 1 and C ik .=  k and t h e  NRTL (nonrandom, t w o   l i q u i d )   e q u a t i o n  
o f  Renon and P r a u s n I t z A i r e f .   1 7 )   f o r  A = 0 and B = 1. 

represent   the   compos i t ion  dependence  of  thermodynamic d a t a   i s  one which 
m igh t   be   ca l l ed   t he   "boo ts t rap "   rep resen ta t i on .  It i s   n o t  as s p e c i f i c  a 
f u n c t i o n a l   f o r m  as those I have already  mentioned, and it c o u l d   u t i l i z e  any 
one o f  them. A l t h o u g h   t h i s   r e p r e s e n t a t i o n   c o u l d   b e   w r i t t e n   f o r  an N-ary 
system, t h e   n o t a t i o n  becomes complex  and so I s h a l l   w r i t e  i t  o n l y   f o r  a 
t e r n a r y  system. 

A f i n a l   i l l u s t r a t i o n  of the   k inds   o f   func t ions   wh ich   have been  used t o  

I n   t h i s   e x p r e s s i o n   A G i j ( X i , x  .) are any s u i t a b l e   b i n a r y   f u n c t i o n s  and 
~ G 1 2 3 ( ~ 1 , ~ ' . ~ 3 )   i s  a t e rna ry   #unc t i on .  I c a l l   t h i s  a "boots t rap"   repre-  
sentat ion  because i t  i s  poss ib le ,   bu t   no t   necessary ,   to   de termine   the   coe f -  
f i c i e n t s   i n   t h e   b i n a r y   f u n c t i o n s   f r o m   b i n a r y   d a t a   a l o n e  and subsequent ly   the 
c o e f f i c i e n t s   i n   t h e   t e r n a r y   f u n c t i o n   o n l y   f r o m   t h o s e   t e r n a r y   d a t a   f o r   w h i c h  
X i  f 0 f o r   a l l  i. Shatas,  Abbott, and Van Ness ( r e f .  10) used t h i s   k i n d  of 
rep resen ta t i on .   Fo r   two   o f   t he   b ina r ies   t hey   chose  a s ix-constant  Margules 
rep resen ta t i on   f rom [0,5], and f o r   t h e   t h i r d   b i n a r y   t h e y   s e l e c t e d   t h e  E3.41 
Pad6 approx iman t .   The   t e rna ry   f unc t i on   had   t he   f o rm  o f   t he   cub ic   t e rm  i n  
equat ion   (3 )   mu l t ip l ied   by   (x1x2x3) .   For  a quaternary  system  equat ion ( 7 )  
would be rep laced  by   the  sum o f  a q u a t e r n a r y   f u n c t i o n  and a l l   p o s s i b l e   b i n a r y  
and te rnary   combina t ions .  

It wou ld   p robab ly   be   he lp fu l   t o   po in t   ou t ,   i n   genera l   t e rms ,  some o f   t h e  
d i f f i c u l t i e s   c o n n e c t e d   w i t h   t h e   u s e   o f   t h e   f u n c t i o n s  I have  been  discussing 
b e f o r e   a t t e m p t i n g   t o   c o n s t r u c t  an a l t e r n a t i v e .  I have a l ready   ment ioned  tha t  
many  of t h e   f u n c t i o n s   l a c k   t h e   f l e x i b i l i t y   t o   h a n d l e   t h e   w i d e   d i v e r s i t y  of 
behavior  encountered i n   r e a l  systems. One i s   t h e n   c o n t i n u a l l y   f a c e d   w i t h   t h e  
p rospec t   o f   cons t ruc t i ng  new f u n c t i o n s   t a i l o r e d   t o   t h e   s y s t e m   o f   i n t e r e s t   o r  
e l s e   u s i n g   a v a i l a b l e   f u n c t i o n s   i n  a p iecewise manner  as was done f o r   a l c o h o l -  
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chloromethane  binaries by Moelwyn-Hughes  and  Missen  (ref. 20) and Paraskevo- 
poulos and Missen  (ref. 21). For  most of these binary  systems they found it 
necessary to use the approximant [0,2] for ln(AG/xlx2RT) in the  dilute alco- 
hol region and a three-constant  Margules  form  elsewhere. For  the  binary 
methanol - carbon  tetrachloride  they used [0,2] in the dilute  alcohol  region 
and  [O,l] elsewhere as  approximations for ln(AG/xlx2RT). Such  piecewise 
fitting  is a nuisance  because one  must  ensure  the  continuity of the function 
and its  first derivatives at the boundaries of  the segments. The lack of a 
"universal"  function is particularly  disconcerting if  one is  attempting a 
Barker  analysis  (ref. 22)  for the  excess  Gibbs  free energy  from  vapor  pres- 
sure data  because one  must  make  a  commitment  to  a function in advance. The 
results  are, to  some  extent,  dependent on the function and its  flexibility. 
A second source of difficulty is the  fact that some of the functions I have 
mentioned  are nonlinear in the parameters. This gives a person two  options 
and neither  is completely satisfactory. One  can preselect some of the param- 
eters  as did Myers and Scott (ref. 8) and Pitzer (ref. 16) and so reduce  the 
equations  to  linear  form by limiting their flexibility.  Alternatively, one 
can  face the unpleasantness of nonlinear  parameter  estimation and the possi- 
bility of nonunique  solutions. A third  problem  arises  because  accurate  ex- 
perimental data become  increasingly  difficult to obtain  as one approaches 
the highly dilute solutions.  But since  the approximating equations  are gen- 
erally  unconstrained, they  supply no  guidance  on the shape of the function 
in this  region. It would be better  if the function  could be so  constructed 
that it supplied some help in dealing  with the  dilute solution.  Pitzer 
(ref.  16), for example, has done  this in his  work  with  aqueous electrolyte 
solutions by relying  on  Debye-Huckel theory as a guide. The final  problem 
which I wish to mention  is the possibility of introducing  undesirable 
singularities  into AG or its  derivatives. This is built  into the 
Otterstedt-Missen  (ref. 6) formula and can  arise in the functions  with  non- 
linear  parameters by an inappropriate choice of parameters. The Otterstedt- 
Missen  function (2) with n1 = 1 produces  an x1 -'" singularity in the 
excess  chemical  potential  for species 1 which dominates  the In x1 singular- 
ity  from the ideal  portion o f  the  Gibbs free  energy. 

sition  dependence of thermodynamic  properties  should  exhibit six  desirable 
features:  (1) It should  have a form directly applicable  to N-ary  systems. 
(2) It should reduce  simply and obviously  to lower  order subsystems in a 
form-invariant  manner.  That  is, the function  for  an  M-ary  system, M < N, 
should  have a form  identical to  that  for an  N-ary  system. ( 3 )  It  should 
contain ideal behavior  as a special case because  ideal  behavior is often a 
good  first  approximation to real  behavior. (4) Its  behavior in very dilute 
solutions should  be  constrained to reflect the  known behavior of these solu- 
tions. (5) Its parameters  should  appear  linearly. Finally, ( 6 )  it  should 
have  sufficient flexibility to represent  even  difficult  systems reasonably 
we1 1. 

In my opinion a  suitable function  for the representation of the compo- 

DEFINITION OF A CLASS OF  NONIDEAL SOLUTIONS 

My desire to include  ideal  behavior  as  an  integral  part of the  function 
rather  than  an  add-on means that I must  work  with a thermodynamic  potential 
rather  than an excess function. Generally  speaking,  the  most  convenient 
experimental  thermodynamic  variables, other  than composition  variables,  are 
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t h e   i n t e n s i v e  ones.  These a re   t he   t empera tu re  and p r e s s u r e   i n   t h e   c a s e  of  a 
f l u id .   Consequen t l y  it i s   n a t u r a l   t o  work w i t h   t h e  thermodynamic p o t e n t i a l  
f o r  wh ich   the   mo les   o f   each  cons t i tuent   a re   the   on ly   ex tens ive   var iab les :  
t h e   G i b b s   f r e e   e n e r g y .   I n   t h e   f o l l o w i n g   c a l c u l a t i o n s   o n l y   t h e   c o m p o s i t i o n  
v a r i a b l e s  will be w r i t t e n   e x p l i c i t l y ;   t h e   i n t e n s i v e   v a r i a b l e s  will be sup- 
pressed. It should  be  kept i n  m ind   t ha t   a l l   pa ramete rs   a re   t o   be   rega rded  . 
a s   f u n c t i o n s   o f   t h e   i n t e n s i v e   v a r i a b l e s .  I sha l l   beg in   by   i n t roduc ing   no ta -  
t i o n  and b y   o b t a i n i n g  some r e s u l t s   w h i c h  will be  useful  subsequently. 

Consider a system o f  N c o n s t i t u e n t s  and l e t   n i ,  i = 1, 2, ... , N 
represent   the  moles o f  spec ies i p e r   u n i t  mass. The  Gibbs  f ree  energy  per  
u n i t  mass g i s  then a  homogeneous f u n c t i o n   o f   d e g r e e  1 i n   t h e   n i .  

g (An i )  = A d n i )  (8) 

By d e f i n i t i o n   t h e   c h e m i c a l   p o t e n t i a l   f o r   t h e  ith species p i  i s  

and b y   E u l e r ' s   t h e o r e m   f o r  homogeneous f u n c t i o n s  it s a t i s f i e s  

N 
g = pini 

1= 1 

It i s  a t r i v i a l  consequence o f   e q u a t i o n  (8 )  and t h e   c h a i n   r u l e   f o r   d i f f e r e n -  
t i a t i o n   t h a t   t h e   c h e m i c a l   p o t e n t i a l   i s  a  homogeneous func t i on   o f   deg ree   ze ro  
i n   n i .   F o r  A i n d e p e n d e n t   o f   n i  

= A ag(Ani)/a(Ank) = Apk(xni) II 1 

and then  f rom  Euler 's   theorem and apk/an = a g /an j  ank = ap./ank we o b t a i n  2 
j J 
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The  second e q u a l i t y   i s  known a s   t h e  Gibbs-Duhem equation. We now d e f i n e   t h e  
t o t a l   m o l e s   p e r   u n i t  mass  n and the   mo le   f rac t i ons  X i .  

N 

j= 1 
n =  n 

xi I ni/n J 
The  choice X = n-l  i n   e q u a t i o n s  (8) and (11) immediate ly  shows t h a t   t h e  
c h e m i c a l   p o t e n t i a l  and the   G ibbs   f ree   energy   per   mo le  G can  be  regarded as 
f u n c t i o n s   o f   t h e   m o l e   f r a c t i o n s .  - 

J 
The l a s t   e q u a l i t y   i n   t h e   f i r s t  member o f   equa t ion  (14) comes d i r e c t l y   f r o m  
equat ion  (10). I n   p r i n c i p l e ,  one  can  conclude  from  equation (14)  t h a t   G ( X i )  
and p k ( x i )   a r e  homogeneous of  degree 1 and 0, r e s p e c t i v e l y ,   i n   t h e   m o l e  
f rac t i ons   because   g (n i )  and p k ( n i )   a r e  such f u n c t i o n s   w i t h   r e s p e c t   t o   t h e  
moles. I n   p r a c t i c e   t h e s e   r e s t r i c t i o n s   a r e   b o t h   u n n e c e s s a r y  and unwise be- 
cause   t hey   wou ld   f o rce   us   t o   w r i t e   unnecessa r i l y  complex f u n c t i o n s .   T h i s   i s  

a d i r e c t  consequence of t h e   f a c t   t h a t   t h e  mole f r a c t i o n s  s a t i s f y  x = 1. 
cons ide r  as an example   the   s imp le   func t ion  j= 1 j 

N 

A l t h o u g h   t h e   f i r s t   t w o  members a r e   c l e a r l y  homogeneous of  degree 0, t h e   l a s t  
member i s   j u s t  as c l e a r l y  homogeneous of  degree 1. Over  the  domain  of  

d e f i n i t i o n  Xk = 1, x .  > 0, t h e   l a s t   t w o  members have  the same value,   but  
N 

k= 1 J -  N 

t h e   v a l u e s   d i f f e r  i f  e x t e n d e d   o u t s i d e   t h i s  domain.  The i d e n t i t y  2: xk = 1 
k= 1 

can  be  used t o   i n t e r c o n v e r t   m o l e   f r a c t i o n   d e p e n d e n t   f u n c t i o n s   w h i c h   a r e  homo- 
geneous f u n c t i o n s   o f  any  degree and  nonhomogeneous f u n c t i o n s   w i t h i n   t h e  do- 
ma in   o f   in te res t   to   thermodynamics ,  and so I s h a l l   d i s r e g a r d   t h e  homogeneous 
cond i t i ons .  Because o f   e q u a t i o n  (14) we can now exp ress   de r i va t i ves   w i th   re -  
s p e c t   t o   n i   i n   t e r m s   o f   d e r i v a t i v e s   w i t h   r e s p e c t   t o  X i .  From  equat ion (13) 
we f i n d   t h a t  

axi/anj = (bi j  - x i ) /n  (15) 

If we a p p l y   t h i s  and t h e   c h a i n   r u l e   f o r   d i f f e r e n t i a t i o n   t o   e q u a t i o n  (14), we 
o b t   a i  n 
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where 6’1, i s  a d i f f e r e n t i a t i o n   o p e r a t o r .   T h e   s e c o n d  member o f   e q u a t i o n  
( 1 6 )  , whe; c o m b i n e d   w i t h   t h e   s e c o n d   e q u a l i t y   i n   e q u a t i o n  (12) ,  g i v e s   t h e  
Gibbs-Duhem e q u a t i o n   w r i t t e n   i n   m o l e   f r a c t i o n s .  

We can now b e g i n   t h e   a c t u a l   c o n s t r u c t i o n   o f  a f u n c t i o n   t o   r e p r e s e n t   t h e  
Gibbs  free  energy.  Suppose we c o n s i d e r  a s y s t e m   o f  N n o n r e a c t i n g   s p e c i e s  
l a b e l e d   b y   L a t i n   i n d i c e s  i , j, k, . . . = 1, 2 ,  . . ., N wh ich   can   f o rm  two   o r  
more c o e x i s t i n g   p h a s e s   l a b e l e d   b y   G r e e k   i n d i c e s   f r o m   t h e   f i r s t   p o r t i o n  of 
t h e   a l p h a b e t  a, 8,  ... = 1, 2, ... T h e   c o n d i t i o n   f o r   p h a s e   e q u i l i b r i u m   i s  
s i m p l y   t h e   s y s t e m   o f   e q u a t i o n s  

’;(x;) = Pi(Xj) B B  

Remember t h a t  we a r e   s u p p r e s s i n g   t h e   w r i t i n g   o f   t h e   i n t e n s i v e   t h e r m o d y n a m i c  
v a r i a b l e s   w h i c h   l a b e l   t h e   s t a t e .   L e t  k be a f i x e d   i n d e x  and  examine  the 
b e h a v i o r   o f   d i l u t e   s o l u t i o n s   i n   t h e   v i c i n i t y   o f   t h e   p o i n t  X i  = & i k ,   t h a t  
i s ,   s o l u t i o n s   i n   w h i c h   s p e c i e s  k i s  dominant and a l l   s p e c i e s  j f k are  
t race  spec ies.   Then i t  i s  an e x p e r i m e n t a l   f a c t ,  known  as R a o u l t ’ s  law, t h a t  
t h e   m o l e   f r a c t i o n   o f  a t r a c e   s p e c i e s   i n  one  phase i s   p r o p o r t i o n a l  t o  i t s  mole 
f r a c t i o n   i n  some o t h e r  phase,  assuming t h a t  we a r e   s u f f i c i e n t l y   c l o s e   t o  
X i  = 6 i k .  O f  c o u r s e ,   t h e   p r o p o r t i o n a l i t y  depends  on t h e   c h o i c e   o f   t r a c e  
species,   dominant  species,  and t h e   p a i r   o f   p h a s e s   b e i n g   c o n s i d e r e d .  

x a = K  X 
- a B  B 

J j k  j j f k,  as  xi + 6 i k  

A n a t u r a l   g e n e r a l i z a t i o n   o f   t h i s   i s   t h e   e q u a t i o n  
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A s  t he   concen t ra t i ons   o f   t he   t race   spec ies   i nc rease ,  , q j  , and q! will 
become concentrat ion  dependent.  I n   t h e  thermodynamics o f   mu l t iphase  sys tems 
one u s u a l l y  assumes t h a t   t h e  phases  are  noninteract ing i n   t h e  sense t h a t   t h e  
Gibbs   f ree   energy   o f   the   who le   sys tem i s   t h e  sum o f   t h e   G i b b s   f r e e   e n e r g i e s  

f o r  each  phase. T h i s   i m p l i e s   t h a t  one c a n   f a c t o r  R i n t o   c o n t r i b u t i o n s  

f rom each  phase.  Thus we w r i t e   t h e   f a c t o r i z a t i o n  

a 
J 

aB 

j k  

T h i s   f a c t o r i z a t i o n   i s   n o t   u n i q u e   b e c a u s e  we can  put  a common f a c t o r   i n   t h e  
numerator and denomina to r   on   t he   r i gh t   s ide  and n o t   a f f e c t   t h e   l e f t   s i d e   o f  
equat ion  (20) .  
mole  which  depends  on e cho ice  of dominant and t race   spec ies   bu t   no t  
phase.  Then  by t a k i n g   t h e   l o g a r i t h m   o f   e q u a t i o n   ( 1 9 )  and combining i t  w i t h  
equat ions  (18)  and (20), we o b t a i n  

Let ei!k be  any quan t i t y   w i th   d imens ions   o f   ene rgy   pe r  

j J k, as xi + 6ik (21)  

From  equation  (21) i t  i s   c l e a r   t h a t  we will o b t a i n   t h e   c o n d i t i o n   ( 1 9 )   f r o m  
t h e   s o l u t i o n   t o   t h e   e q u a t i o n s  (18) i f  we equate  both  s ides of equat ion   (21)  
t o  a q u a n i t y   f j k   w h i c h  depends on ly   on   t he   cho ice  of dominant and t r a c e  
species. 

j f k, as  xi + 6ik 

Th is   fo rm  fo r   the   chemica l   po ten t ia l   can   a lso   be   ex tended  to   the   dominant  spe- 
c i e s  because  as xi + 6ik, I n  xk + 0 and t h e   I n  x: te rm does n o t   c o n t r i b u t e .  

Hence we t e n t a t i v e l y   w r i t e   t h e   c h e m i c a l   p o t e n t i a l   f o r   a l l   s p e c i e s   i n   t h e   f o r m  

lJj = p j k  + I n  x as xi + 6ik (22)  j 

where the  phase  index  has now been  suppressed  and u j k  and E j k  may be 
composit ion  dependent. 

X i  + 6 i k  and i s   c o n s i s t e n t   w i t h   t h e   g e n e r a l i z a t i o n  (19) o f   R a o u l t ' s   l a w .  
B u t   t h i s   i s   n o t   s u f f i c i e n t .  The chemica l   po ten t ia l   must   a lso   be   the   g rad ien t  
o f   t h e  G i b b s   f r e e   e n e r g y ,   t h a t   i s ,   t h e r e   m u s t   e x i s t  a f u n c t i o n  g which 
g e n e r a t e s   e q u a t i o n   ( 2 2 )   b y   d i f f e r e n t i a t i o n  as shown i n  equat ion  ( 9 ) .  But  
t h i s  can   on l y  happen i f  t h e   c h e m i c a l   p o t e n t i a l   s a t i s f i e s   t h e   i n t e g r a b i l i t y  
cond i t i ons   au j /ank  = apk/anj  (see, e.g., theorem 111.8, p. 1600, r e f .   l a ) .  

Equat ion  (22)  i s  a n i c e   s i m p l e   f o r m   f o r   t h e   c h e m i c a l   p o t e n t i a l  as 
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If we t e m p o r a r i l y   t r e a t  u j  and E -  as  constants  and a p p l y   t h e  second 
member o f   e q u a t i o n  (16) t o  122), we & a i n  

n(Au  ./An.) = E 8 .  . / x  
J .  1 j k  JI j - ‘ jk  

Thus we f i n d   t h a t  

= ‘ i k  - ‘ j k  

and t h e   f o r m   ( 2 2 )  does n o t   s a t i s f y   t h e   i n t e g r a b i l i t y   c o n d i t i o n s  even w i t h  
IJ -k and E * k  as constants   because  the  t race  spec ies i and j c o u l d  be- 
have q u i t e   d i f f e r e n t l y   n e a r   t h e   p o i n t   x k  = 6gk  and the re fo re  we do no t   w ish  
t o  assume t h a t   E i k  and E j k   a r e   t h e  same. T h i s   f o r c e s  us t o   l o o k   f o r   t h e  
s i m p l e s t   m o d i f i c a t i o n   o f   e q u a t i o n   ( 2 2 )   w h i c h  does s a t i s f y  %he i n t e g r a b i l i t y  
c o n d i t i o n s  when u j k  and E jk   a re   independent   o f   compos i t ion .   Observe   tha t  

and thus  

Equat ions  (23)  and (24)  show t h a t  i f  a l i n e a r   c o m b i n a t i o n   o f   t h e  EQk i s  
s u b t r a c t e d   f r o m   t h e   r i g h t   s i d e   o f   e q u a t i o n   ( 2 2 ) ,  a f u n c t i o n   r e s u l t s   w h i c h  
s a t i s f i e s   t h e   i n t e g r a b i l i t y   c o n d i t i o n s .  Any quant i t y   independent   o f   mo le  
f r a c t i o n s   c o u l d   b e  added w i t h o u t   a f f e c t i n g   i n t e g r a b i l i t y  and, s ince  adding 
E j k  will g i v e  a s i m p l e r   f u n c t i o n   f o r   t h e   G i b b s   f r e e   e n e r g y ,  we w r i t e  

as x i & i k  

From t h i s   f u n c t i o n   t h e   G i b b s   f r e e   e n e r g y   p e r   m o l e   i n   t h e   v i c i n i t y   o f  
X i  = 6 -  G ( k ) ,   c a n   b e   o b t a i n e d   b y   i n t e g r a t i n g   t h e   f i r s t  member of equa- 
t i o n  ( 1 8 )  o r  m o r e   s i m p l y   b y   u s i n g   t h e   l a s t   e q u a l i t y   i n   t h e   f i r s t  member of 
equat ion  (14).  I t s   v a l i d i t y   c a n   b e  c h e c k e d   b y   d i f f e r e n t i a t i o n .  

as x + 6  i i k  

F i n a l l y ,   t o   o b t a i n  a f u n c t i o n   w h i c h   i s   s u i t a b l e  away f rom X i  = 6 i k ,  I s h a l l  
mere ly   superpose  the   G(k)   we igh ted   by   the   mo le   f rac t ions .  



". .. . ....... .. . . . . 

The   s imp le   func t ion  (271, w i t h   P j k  and E -k  independent  of  composi- 
t i o n   b u t   f u n c t i o n s   o f   t h e   i n t e n s i v e   v a r i a b l e s ,   s d o u l d   r e p r e s e n t   t h e   b e h a v i o r  
o f  an N-ary  system f o r   t h e   d i l u t e   s o l u t i o n   r e g i o n s   i n   t h e   v i c i n i t y   o f  each of 
t h e  N p o i n t s  X i  = a i k ,  k = 1, 2, ..., N. Consequently it i s  p r o b a b l e   t h a t  
i t  will a l s o  do q u i t e   w e l l   i n   o t h e r   p a r t s   o f   t h e  domain of t he   f unc t i on .  
However, i t  i s   s t i l l   p o s s i b l e   t o  improve i t s   f l e x i b i l i t y  and enhance i t s  
c a p a b i l i t y   f o r   d e a l i n g   w i t h   c o n c e n t r a t e d   s o l u t i o n s   w i t h o u t   d i m i n i s h i n g   i t s  
c a p a b i l i t i e s   i n   t h e   d i l u t e   s o l u t i o n   r e g i o n s  o f  t h e  domain. Th is   can  be ac- 
c o m p l i s h e d   b y   t h e   s i m p l e   e x p e d i e n t   o f   r e t u r n i n g   t h e   p a r a m e t e r s   p j k  and E j k  
in equat ion  (27)   to   composi t ion  dependent   funct ions.  We must   then  face   the  
problem  of   making an e x p l i c i t   c h o i c e   f o r   t h e   f u n c t i o n s  IJ *k and E 'k. 
C lea r l y ,  one might   concoct  many p o t e n t i a l l y   s u i t a b l e   f u n c 2 i o n s  on t i e   b a s i s  
o f  some s e l e c t e d   c r i t e r i a   o r   p e r s o n a l  whim. One can, i n  a  sense, avo id  mak- 
i n g  an e x p l i c i t   c h o i c e  and permit  the  thermodynamic  system t o  make t h e  
s e l e c t i o n   b y   w o r k i n g   w i t h  an expans ion   o f   P j k  and E -  as a l i n e a r  com- 
b i n a t i o n   o f  a s u i t a b l e   f i n i t e   b a s i s   s e t   o f   c o m p o s i t i o n J $ e p e n d e n t   f u n c t i o n s .  
The  expansion  parameters  can  then be determined  from  data.  That i s   t h e  ap- 
proach I shal l   pursue  here.  I s h a l l   o n l y  demand t h a t   t h e   c h a r a c t e r  o f  t h e  
e x p a n s i o n   p e r m i t   t h e   f u n c t i o n s   P j k  and E j k   t o  approach  constant  values 
i n   t h e   d i l u t e   s o l u t i o n   r e g i o n s  so tha t   convent iona l   Raou l t ' s   law  behav io r   can  
be accommodated there .   Probab ly  a  number o f  b a s i s   s e t s   e x i s t   t h a t  one migh t  
wish t o   c o n s i d e r .   B u t   t h e r e   i s  one which comes t o  mind f i r s t  because i t  
o f f e r s   b o t h   s i m p l i c i t y  and elegance and a t   t h e  same t ime  i s  c o n s i s t e n t   w i t h  
t h e   s i x   c r i t e r i a   e n u n c i a t e d   a t   t h e   b e g i n n i n g   o f   t h i s   s e c t i o n :   t h e   s e t  o f  N 
elementary  symmetri   unctions of t h e  N v a r i a b l e s  X i .  The elementary sym- 
m e t r i c   f u n c t i o n s   q f Q f ( x i ;  N )  a re  most c o n v e n i e n t l y   d e f i n e d   b y   t h e i r  genera- 
t i n g   f u n c t i o n  g ( z ;  X i ,  N). 

g ( Z ;  xi¶ N )  

The f u n c t i o n s  
r e s p e c t   t o  z. 

can  be  obtained  from G b y   d i f f e r e n t i a t i o n s   w i t h  

C l e a r l y  q ( O )  = 1 i s   t r i v i a l  and o f  no i n t e r e s t .   F o r  N = 3 t h e   n o n t r i v i a l  
f u n c t i o n s   a r e  

q (3 )  (xi; 3)  = x1x2x3 

The  elementary  symmetr ic  funct ions o f  the   mo le   f rac t i ons  have some con- 
v e n i e n t   p r o p e r t i e s .  Suppose we cons ide r  an M-ary subsystem o f   the   N-ary  
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system. Then  only M of the mole fractions  are nonzero and  it  is obvious 
from  the definition of  the generating  function  that u("(xi; N )  = 0 
for M < L < N. Furthermore for 1 < II M the a(")(xi; N) are  identical 
with the  corresponding elementary  symmetric functions formed from  the M 
nonzero mole fractions. This  can easily  be  verified from equation  (28) or 
from equation (30) for  the special case N = 3 by setting x3 
for example. A generating  function for the partial derivatives to of zerfa) cp can 
be  obtained by differentiating the generating function (28) with  respect to the 
mole  fractions. 

But 

a In Y(z; xi, N )  
- - Z 

a (1 + XL z) 

and therefore we  obtain a very  simple  result. 

a Y ( z ;  xi' N) zY(z; xi' N )  
- - = z ll (1 + xkz) = zg(z; xi, i 4 L, N - 1) 

(1 + X,Z) kfe 
(32) 

If we  apply the  Liebnitz  formula for  the differentiation  of a product uv in 
the  form 

to the  function z Y ,  we  obtain 

But  then 

and so we  have  shown that 
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All h i g h e r   d e r i v a t i v e s   c a n  be o b t a i n e d   b y   f u r t h e r   d i f f e r e n t i a t i o n   o f  equa- 
t i o n   ( 3 3 ) .  The v a l i d i t y  of equa t ion   (33 )   can   be   ve r i f i ed   f o r  N = 3 by  
d i r e c t   d i f f e r e n t i a t i o n   o f   e q u a t i o n   ( 3 0 ) .  

s i m p l e   t o   w r i t e   t h e   f i n a l   f o r m   f o r   t h e   f u n c t i o n   w h i c h  will be  used t o  repre- 
s e n t   t h e   G i b b s   f r e e   e n e r g y   i n  an N-ary  system. We w r i t e  

Now t h a t   t h e   p r o p e r t i e s   o f   t h e   b a s i s   s e t  have  been es tab l i shed,  it i s  

where  and E(.') are   i ndependen t   o f   mo le   f rac t i ons .   Subs t i t u t i on  of 

t h i s  e x p a n s i o n   i n t o   e q u a t i o n   ( 2 7 )   g i v e s   t h e   a p p r o p r i a t e   f u n c t i o n   f o r   t h e  
G i b b s   f r e e   e n e r g y   i n  expanded  form. 

J k  Jk 

T h i s   r e p r e s e n t a t i o n   f o r   t h e   G i b b s   f r e e   e n e r g y   d e f i n e s  a new c l a s s  of non- 
i d e a l   s o l u t i o n s  whose p r o p e r t i e s  will b e   s t u d i e d   f o r   t h e   b a l a n c e   o f   t h e  
r e p o r t .  The s t r u c t u r e   o f   e q u a t i o n  ( 3 5 )  shows t h a t   o n l y   t h e   s y m m e t r i c   p a r t  

of ' j k   c a n   c o n t r i b u t e   t o  G, and so w i t h o u t   l o s s   i n   g e n e r a l i t y  we t a k e  

T h i s   p r o p e r t y  does n o t   a p p l y   t o   E j k  ('I because t h e   I n  x te rm  i n t roduces  

asymmetry. If t h e   f u l l  expansion  (35) i s   t r u n c a t e d   a f t e r   t h e   f i r s t  L 
elementary  symmetr ic  funct ions,   then  the  expansion will b e   c a l l e d  an expan- 
s ion   o f   deg ree  L. The number of   independent   parameters  for   each II i s  
N(N + 1 ) / 2  + N2 = N(3N + l)/2, and hence f o r  an expansion  of   degree L t h e r e  
a re  LN(3N + 1)/2  independent  parameters.  

t e r p r e t a t i o n   o f   t h e   t e r m s   i n   t h e   G i b b s   f r e e   e n e r g y   e x p a   s ' o n   ( 3 5 ) ,   w h i c h  
correspond t o   d i f f e r e n t   v a l u e s   o f  a .  The  func t ions  cp ra j  can  be  regarded 
as w e i g h t i n g   f u n c t i o n s   f o r   d i f f e r e n t   r e g i o n s   o f   t h e  domain o f  

j 

The p roper t i es   o f   t he   e lemen ta ry   symmet r i c   f unc t i ons   a l l ow  a s imple  in-  
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d e f i n i t i o n  

cp ( l )  i s  a 

N 
o - < xi 2 1, xk = 1. Since cp - - xi 1, t h e   f u n c t i o n  

k= 1 i= 1 
c o n s t a n t   f u n c t i o n   o v e r   t h e  domain  and t h u s   t h e  11 = 1 te rm 

samples a l l   p o i n t s  of an N-ary  system wi th   equa l   we igh t .  The f u n c t i o n  

cp(2) = x i x j   v a n i s h e s   a t   t h e  N po in ts   x i (k )  = 6 i k ,  k = 1,2,  ..., N, 

and so t h e  II = 2 t e rm samples a l l   p o i n t s   w i t h   t h e   e x c e p t i o n   t h o s e  N 
p o i n t s   c o r r e s p o n d i n g   t o   t h e   u n a r y  subsystems.  The f u n c t i o n  cp @) vanishes 
f o r   a l l   u n a r y  and binary  subsystems  but  samples a l l   o t h e r   p o i n t s .   S i m i l a r l y  

e ( " ) ( x i ;  N )  i s   z e r o   f o r   a l l  M-ary subsystems f o r   w h i c h  M < II. T h i s  
situation c a n   b e   v i s u a l i z e d   b y   t h e   d e s c r i p t i o n   t h a t ,  as II i nc reases ,   t he  
te rms   p rog ress i ve l y  sample  more and more  of t h e   " i n t e r i o r "  and l e s s  and l e s s  
o f   t he   "boundary "   o f  an N-ary  system. T h i s   d e s c r i p t i o n   i s   e s p e c i a l l y  appro- 
p r i a t e  when a p p l i e d   t o   t h e   g r a p h i c   p o r t r a y a l   o f   t e r n a r y   s y s t e m s   b y   e q u i l a t -  
e r a l   t r i a n g u l a r   d i a g r a m s   w h e r e   t h e   v e r t i c e s   a r e   t h e   u n a r y  subsystems, t h e  
s i d e s   a r e   t h e   b i n a r y  subsystems, and t h e   i n t e r i o r   i s   t h e   p o r t i o n   o f   t h e   t e r -  
na ry   sys tem  fo r   wh ich   (X i  f 0, i = 1 , 2 , 3 ) .  

There s t i l l  r e m a i n s   t h e   t a s k   o f   c a l c u l a t i n g   t h e   c h e m i c a l   p o t e n t i a l s   f o r  
t he   G ibbs   f ree   ene rgy   f unc t i on  (35)  b y   u s i n g   t h e   l a s t   e q u a l i t y   i n   t h e   f i r s t  
member o f   e q u a t i o n  ( 1 6 ) .  Suppose we d e f i n e  

i c  j 

cp ( 4 )  v a n i s h e s   f o r   a l l   u n a r y ,   b i n a r y ,  and t e r n a r y  subsystems. I n  general ,  

w e r e   t h e   d i f f e r e n t i a t i o n   o p e r a t o r  6'i i s   d e f i n e d   i n   e q u a t i o n  ( 1 6 ) .  Then 
f r o m   t h e   l a s t   e q u a l i t y   i n   e q u a t i o n  ( 3 5 )  we f i n d  

But   s ince  v ( ' ) i s  homogeneous o f  degree 11, we know t h a t  

The II = 1 term  can  be  s impl i f ied  because cp - - 5 x = 1 and 
.j=l j 

Thus we can w r i t e  
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By using the definition of p i L )  (eq.  (37))  and the symmetry  property 
(eq. (36)) of the parameters p(.') it  is a simple  calculation to establish 

( a )  an explicit formula for p i  . Jk 

- - 'jk  'jxk j=1  k=l 

It  is  sometimes convenient to  have an expression for p ( i e )  in which terms are 
grouped by parameter. 

At first glance the result given by equations (39) and (41)  is a bit  discon- 
certing for it seems  to imply  that we  can extract all parameters in the  Gibbs 
free energy by fitting  one o f  the v i  alone. This seems to contradict the 
fact that  differentiation  of a  function results in a loss of  information 
about the  function because in the differentiation  we  discard the constant of 
integration. That, in fact, is  also the  case here. To see this  most  simply, 
we need only define  functions iij(Xk) by 

and the nk are arbitrary and independent  of  composition. If this is sub- 
stituted  into the  expression for the  Gibbs  free energy (eq.  (27)), we find 

If Pi is the chemical  potential  calculated  from the IJ and vi is the jk 
chemical  potential  calculated  from the  ujk, then  the  two are obviously  re- 
lated  by the  expression 
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From t h i s  i t  f o l l o w s   t h a t   t h e r e   a r e  N - m a r b i t r a r y   p a r a m e t e r s  in the   G ibbs  
f r e e   e n e r g y   f u n c t i o n   ( e q .   ( 2 7 )   o r  ( 3 5 ) )  i f  we have da ta  on o n l y  m chemical 
p o t e n t i a l s .  

ond de r i va t i ves   o f   t he   G ibbs   f ree   ene rgy .  An a p p r o p r i a t e   f o r m u l a   f o r   t h e  
c a l c u l a t i o n   o f   t h e  second  der iva t ives   f rom G can  be   ob ta ined  eas i l y   f rom 
equat ion   (16) .  

It i s   o c c a s i o n a l l y   o f  some i n t e r e s t  t o  have an e x p r e s s i o n   f o r   t h e  sec- 

n = Okpi = Ok(l + Bi)G ank ani 

The l e f t   s i d e   i s   m a n i f e s t l y  symmet r i c ,   bu t   t he   symmet ry   o f   t he   r i gh t   s ide   i s  
not  obvious. To demonstrate  the symmetry i n  a s imp le  way, it i s  convenient  
t o  use   the   commuta t ion   p roper t ies   o f   the   opera tors   ok .  One can  evaluate 
the   commuta to rs   o f   t he   ope ra to rs   f rom  the   de f i n i t i on   o f   t he   ope ra to rs   by  a 
s t ra igh t fo rward   computa t ion .  

Symmetry can now be  simply  demonstrated  by  combining  equations (42)  and (43) .  

= ( O k  - oi + [ @k, U i ] ) G  E 0 

The a c t u a l   c a l c u l a t i o n   o f   t h e  second d e r i v a t i v e   b y  means o f   t h e   f i r s t  equal- 
i t y  i n   e q u a t i o n  ( 4 2 )  can  be somewhat s i m p l i f i e d   b y   t a k i n g   a d v a n t a g e   o f  some 
p r o p e r t i e s   o f   t h e   o p e r a t o r s  ok. When ok i s   a p p l i e d   t o  a p roduc t  of 
f unc t i ons ,  it has a s imple  behavior.  

u k (   u v )  = u o k v  + v o k u  (44)  

When i t  a c t s   o n   t h e   f u n c t i o n s  G ('I , cp( 'I, and 'P!'), we o b t a i n  
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The f i r s t   o f   t h e s e   t h r e e   r e s u l t s   i s  an immediate  consequence o f   equa t ion   (37 ) ,  
and t h e   r e m a i n i n g   t w o   f o l l o w   f r o m   t h e   d e f i n i t i o n  of t h e   o p e r a t o r  and t h e   f a c t  

t h a t  cp (') i s  homogeneous o f  degree L. The e f f e c t   o f   B k  on pi ('1 can 

be c a l c u l a t e d   b y   e x p r e s s i n g  Okpi ('I i n  terms of d e r i v a t i v e s   o f  G ( e )  . 

The e v a l u a t i o n  of t h e   r i g h t   s i d e  of t h i s   e x p r e s s i o n   g i v e s   t h e   f i n a l   f o r m u l a  
which i s   r e q u i r e d   f o r   t h e   e v a l u a t i o n   o f   t h e  second d e r i v a t i v e s   o f  g. 

(46 )  
The  second de r i va t i ves   a re   ob ta ined   by   comb in ing   equa t ions  (42), (44) ,  and 
( 4 5 )  w i t h   t h e   e x p r e s s i o n   f o r   g i v e n   i n   e q u a t i o n   ( 3 9 ) .  

The f u n c t i o n  I have  constructed t o  desc r ibe   t he   compos i t i on  dependence 
o f   t h e   G i b b s   f r e e   e n e r g y   f o r  a c l a s s  of n o n i d e a l   s o l u t i o n s   c o n t a i n s  an impor- 
t a n t   s p e c i a l  case.  Suppose t h a t  we make  a s p e c i a l   c h o i c e   f o r   t h e   f u n c t i o n s  

' j k  and which  appear i n   e q u a t i o n   ( 2 7 ) .  
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Then 

- 
and if E and the p are taken to be  independent  of  composition, then E 
becomes the ideal Gibbs  free energy if E = RT. The function is  useful 
for defining a  relative  Gibbs  free energy  function  which  has the same form 
as G itself. 

- 
j - 

J 
Naturally AE becomes  identical to  the excess Gibbs  free energy AG if 
E = RT and u j - - 'j, where v are the chemical  potentials  of  the  pure  con- 
stituents,  that  is, the  Gibbs  free energies  per mole. This means  that the 
expression for  the derivatives  of the  Gibbs  free energy  are  immediately 
applicable to  the excess Gibbs  free energy  merely by replacing p and E 

with A; and A: with the understanding  that 

- - * * 
j 

j k  j k  
j k   j k  

The  special choice AIJ!') = 0 for II f 1 and = 0 shows  that 
Hildebrand's  regular  solutions  are  special  cases of the class of  solutions 
considered  here. 

Jk  j k  

GIBBS  FREE  ENERGY I N  A SUBSPACE 

I have  already  briefly  mentioned  M-ary  subsystems of an  N-ary system 
( M  < N) in the preceding  section.  This  is  nothing  more  than a special  case 
of Znother more  general  notion,  that  of a subspace,  which  also  is  relevant t o  
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thermodynamics.  The  simplest  example i s  an aqueous+sodium c h l o r i d e   s o l u t i o n ,  
which i s  a t e r n a r y   s y s t e m   w i t h   c o n s t i t u e n t s  H20, Na , and C 1 .  The s o l u t i o n  
i s  fo rmed  by   d isso lv ing  NaCl i n   w a t e r  and t h e r e f o r e   t h e   m o l e s   o f  Na and C1- 
a re   a lways   equa l .   Th i s   imp l i es   t ha t   t he re   a re   no t   t h ree ,   bu t   on l y   two   i nde -  
p e n d e n t   c o m p o s i t i o n   v a r i a b l e s   d e s p i t e   t h e   f a c t   t h a t  we have a t e r n a r y  system. 
The   i ndependen t   va r iab les   a re   c lea r l y   t he   mo les   o f   wa te r  and the   mo les   o f  
s o d i u m   c h l o r i d e .   T h e   f o r m   o f   t h e   G i b b s   f r e e   e n e r g y   w r i t t e n   i n   t e r m s   o f   t h e  
independent   var iab les will d i f f e r   f r o m   t h e   f o r m   w r i t t e n   i n   t e r m s   o f   v a r i a b l e s  
wh ich   a re   no t   a l l   independent .  I n   t h i s   s e c t i o n  I s h a l l  examine  the  form of 
t h e   G i b b s   f r e e   e n e r g y   i n  a subspace o f  an N-ary  system. 

T o   c a r r y   o u t   t h i s   t a s k   e x p e d i t i o u s l y ,  I must   in t roduce some h e l p f u l  
n o t a t i o n .   L a t i n   i n d i c e s  will c o n t i n u e   t o   u s e   t h e   r a n g e  1, 2 ,  ..., N, w h i l e  
G r e e k   i n d i c e s   f r o m   t h e   l a s t   p a r t   o f   t h e   a l p h a b e t  (u, v, U, T, ...) will use 
the   range  1, 2 ,  ..., M < N. For  thermodynamic  purposes an "dimensional  sub- 
space  can  be d e f i n e d   b y t h e   e q u a t i o n s  

ni = "(nu) 

n . (  anu) = ani(nu) 
1 I 

where, o f  course,  nu  represents  the  independent  composi t ion  var iables  of  
t h e  subspace i n  mo les   pe r   un i t  mass and t h e  second member o f   e q u a t i o n  ( 5 1 )  
i s   t h e   r e q u i r e m e n t   t h a t   t h e   f u n c t i o n s  ni(n,) be homogeneous of   degree 1. 
The f u n c t i o n s   " ( n u )   a l w a y s   t u r n   o u t   t o  be l i n e a r   f u n c t i o n s   i n   a c t u a l  
s i t u a t i o n s ,   b u t   t h i s   s p e c i a l i z a t i o n  does n o t   l e a d   t o  any  mathematical  sir+ 
p l i f i c a t i o n ,  and so I s h a l l  use   the  more general  case. Suppose we de f ine  
" s t o i c h i o m e t r i c   c o e f f i c i e n t s "  v i u  by 

an 
via = viu( nT)  E - i > o  anu - 

where v i u  would  be a c o n s t a n t   i n   t h e   u s u a l   c a s e   o f   l i n e a r   f u n c t i o n s .  We 
can now a p p l y   E u l e r ' s   t h e o r e m   t o   e q u a t i o n   ( 5 1 ) ,  as we d i d   b e f o r e   i n   t h e   c a s e  
o f   t h e   G i b b s   f r e e   e n e r g y ,   t o   o b t a i n  

n -  i -  v .  n 
1u u (I= 1 7 

f 

v (anT)  = v .  ( n  ) i u  lu J 
The t o t a l  moles and mo le   f rac t i ons   xu  of the   independent   var iab les   a re  
de f ined  ana logous ly  t o  equat ion   (13) .  

x T  I n T / n  ^ I  
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I f  we d e f i n e  

N 

1= 1 
w U I V i U > O  

t hen  we have  s imp le   re la t ionsh ips   be tween  the   two  k inds   o f   to ta l   mo les  and 
m o l e   f r a c t i o n s .  

M 
tin = 

A- 1 
vTxT  

'T= 1 
J 

We a r e  now i n  a p o s i t i o n   t o   d e f i n e   t h e   G i b b s   f r e e   e n e r g y   f u n c t i o n s  and 
t h e   c h e m i c a l   p o t e n t i a l s   i n   t h e  subspace. 

J 
The f u n c t i o n   i s  homogeneous of   degree 1 i n   t h e  nu  because 
geneous  of  degree 1 i n   t h e   n i  and t h e   n .   a r e  homogeneous of 
t h e  nu. It i s   s i m p l e   t o   e s t a b l i s h   t h e   r e l a t i o n s h i p  between G 
between p a  and p i. 

n 
G = n-lg(ni( n,)](n/;) = Gn/n 

n 

N 

= c (qp) = c pivia 

N 

a nu 
l=l 1=1 

g i s  homo- 

and G and 
degree 1 i n  

A c o m p l e t e   p a r a l l e l   e x i s t s   b e t w e e n   t h e  N-ary equat ions and t h o s e   o f   t h e  sub- 
space.  The coun te rpa r t s  of   equat ions  (14),  ( 1 6 ) ,  (43) ,  and (44)   are 
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M 

- a + L) ;(xp) = (1 + Ou)G(xp) 
n 

a xu 
T=l 

a,( uv) = u 0,v + v o u u  

Wh i le   t he   exp ress ions   g i ven   i n   equa t ion  (59 )  f o r  p a  and  apa/anv  are 
co r rec t ,   t hey   a re   no t   necessa r i l y   t he   s imp les t  ways t o   c a l c u l a t e   t h e s e  quan- 
t i t i e s .  It m i g h t   b e   s i m p l e r   t o   c a l c u l a t e  p o  f r o m   t h e  second  equation i n  
(58) i f  one a l ready  has e x p r e s s i o n s   f o r  p i .  A s i m i l a r   f o r m u l a   c a n   e a s i l y  be 
f o u n d   t o   r e l a t e   t h e   d e r i v a t i v e s   a p u / a n T   t o   a u i l a n j   m e r e l y   b y   d i f f e r e n t i a -  
t i n g   t h e  second  equation i n  (58).  

O n l y   t h e   f i r s t   p a r t   o f   e q u a t i o n  (60) will con t r i bu te   i n   ac tua l   p rob lems   be -  
cause, as I po in ted   ou t   be fo re ,   av ia /anT  = 0 i n   t h e   u s u a l  case.  The  Gibbs- 

M 
Duhem e q u a t i o n   f o r   t h e  subspace,  nu  apu/anT = 0, fo l l ows   f rom  equa t ions  

a= 1 
(60) and (53 )  and t h e  G i  bbs-Duhem equa t ion  (12 ) .  

From  equations (35)  and (58) i t  may be  seen t h a t  G can   be   w r i t t en  as 

where 

2 1  



t 
J 

S i m i l a r l y   t h e   c o m b i n a t i o n   o f   e q u a t i o n s  (39)  and (58)   g ives an e x p r e s s i o n   f o r  
'U* 

N 

i=l 'U 

J 
To o b t a i n  an e x p l i c i t   e x p r e s s i o n   f o r  pus), ( we can  use  equation (58) w i t h  

e i t h e r   t h e   f i r s t   e q u a l i t y   i n   ( 4 0 )   o r   ( 4 1 ) .  I s h a l l   o n l y   g i v e   t h e  one which 
comes f rom  equat ion  (41)   s ince i t  g ives   t he  most  compact f o r m   d i r e c t l y .  

The  second e q u a l i t y   i s   o b t a i n e d   f r o m   t h e   f i r s t   b y   u s i n g   t h e  symmetry o f   t h e  

c u l a t e d   s i n c e   f o r  each a we have M(M + 1)/2  independent p i t )  and a t  most 

(eq.  (62)) .  The  number  of independent  parameters i n  G i s   e a s i l y   c a l -  
P T  
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MN independent E\:) and hence for L terms  the total  is LM(M + 1 + 2N)/2. 
The number  of  independent E!:) parameters  might  be  less  than MN for each 
n, for special choices of the stoichiometric  coefficients. Suppose that for 
a given i and j we have via = v for all u.  Then xi = x and 
therefore for all T j a  j 

and therefore  the  functions multiplying ('I and E 
j T  
('1 in G are  equal, 

which  precludes the separate  determination  of E!:) and (') . In such a 

case, for all T and e ,  only the combination (E\:) + E(.')) can be  deter- 

A 

J' 
mined by fitting  data, and one may  impose  arbitrary  subsidiary  conditions to 
determine  separately the individual  coefficients. 

the same  way  as was done for an N-ary system by equation (50). 
One  can introduce a relative Gibbs  free energy in the subspace in much 

The re1  ative  Gi  bbs free energy A; becomes an excess Gibbs  free energy if 
E  ̂ = RT  and ;u = p;, where p; are the  Gibbs  free energies  per mole  for 
the independent  species. I should  point out that ~p~~ and A: are  not 
the same as the transformed  versions  of A; and which  are  given in 
equation ( 6 6 ) .  j k  

A 

- j' 
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The d i f ferences  between A: and A V ~ ~ ,  A E  can  be seen  by 

compar ing   t he   l as t   two  members o f   equa t ion  (65) w i t h   t h e   f i r s t  two members o f  
equat i on ( 66). 

The cho ice   o f   independent   compos i t ion   var iab les  i s   n o t   u n i q u e  and o f ten-  
t imes one choice  might  be  more  convenient  than  another.  Suppose we wished t o  
use   t he   va r iab les  no i n   p l a c e   o f  no.  Then f o r  thermodynamic  purposes  the 
t rans format ion   be tween  the   two  se ts   o f   var iab les   must   sa t is fy  

j T  j T  

na(AFp) = xnu(Fp) 

where J i s   t h e   J a c o b i a n   o f   t h e   t r a n s f o r m a t  
quence o f   t h e   c h a i n   r u l e   f o r   d i f f e r e n t i a t i o n  

ion .  It i s  an immed 
t h a t  

i a t e  conse- 

and obv ious l y  

w i t h   s i m i l a r   t r a n s f o r m a t i o n   r u l e s   f o r   o t h e r   q u a n t i t i e s .  I sha l l   no t   pu rsue  
t h i s   f a r t h e r   e x c e p t   t o   m e n t i o n   t h a t   t h e  T,, will genera l l y   be   cons tan ts .  

LIMITING BEHAVIOR 

Thermodynamic i s t s   a re   o f ten   p reoccup ied   w i th   t he   l im i t i ng   behav io r  o f  
thermodynamic  propert ies i n   d i l u t e   s o l u t i o n s  where t h e   c o n c e n t r a t i o n   o f  one 
species  dominates  that   o f  a l l  o t h e r   s p e c i e s .   T h i s   n a t u r a l l y   r a i s e s   t h e  
q u e s t i o n   o f   t h e   l i m i t i n g   b e h a v i o r  of t h e   G i b b s   f r e e   e n e r g y   f u n c t i o n  and i t s  
d e r i v a t i v e s   f o r   t h e   c l a s s   o f   s o l u t i o n s   d i s c u s s e d   i n   t h e   p r e c e d i n g   s e c t i o n .  
F o r   t h i s   r e a s o n  I sha l l   examine   t he   d i l u te   so lu t i on   behav io r   o f   t hese   so lu -  
t i o n s  and s h a l l   o b t a i n  an i n t e r p r e t a t i o n   o f  some o f   t he   pa ramete rs  as a 
byproduc t   o f   the   ana lys is .  The l i m i t i n g   p r o c e s s  will be  ca r r i ed   ou t   f o r  
cons tan t   va lues   o f  all intensive  parameters,   such as temperature and pres- 
su re   f o r   f l u ids ,   wh ich   cha rac te r i ze   t he   t he rmodynamic   s ta te .  It should be 
k e p t   i n   m i n d   t h a t   a l t h o u g h   t h i s   l i m i t i n g   p r o c e s s   a l w a y s  makes mathematical 
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sense, it might  not  always be physically  meaningful. For example,  suppose 
that we ask for  the limiting  behavior of an aqueous  sodium chloride solution 
as  the concentration  of NaCl goes to  zero at some  given  temperature and a 
pressure  less  than the vapor pressure of  pure liquid water  at that tempera- 
ture. But  pure  liquid  water is inaccessible from  the aqueous  solution  phase 
under the specified  conditions, and the limiting  process  is  not physically 
meaningful. Similarly  the limiting  process  is  not  physically  meaningful in 
the pure  sodium chloride limit  at  ordinary  temperatures and pressures 
because  NaCl has  a limited  solubility in water. The  formulas which follow 
all presuppose  that the pure  state Xi = Xi(p) = 6ip, where p is a  fixed 
index, is  physically  accessible from  the phase  under  consideration  and, 
strictly  speaking,  they  are  physically  meaningless if  it is not. 

energy and its  derivatives, it  will be helpful  to know  some auxiliary 
limiting  values. 

lim x In x = 0 for all a 
x+ 1 

To simplify the calculation of the limiting  values  of the  Gibbs free 

7 a 

lim xa In x = o a > O  
x+o 

r I xj = 6jp 

The second  of these five limiting  values  comes from  a simple  application  of 
L'Hospital's  rule and shows that In x has a weak singularity  indeed in the 
limit x + 0. Th fourth and fifth  values  make  explicit  use  of  specific 
properties  of cp( f and (p(*) ,  namely, 

\ 

acp ( 2 )  
" - c x j = l -  
axk jfk 'k 
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and t h a t  q ( ' )  i s  of degree 11 in  the mole fractions. We now use the 
limiting behavior  given i n  equation (67)  in  evaluating  the  limiting behavior 
of G as given i n  equation  (35). 

Hence we have the important  conclusion t h a t  when a pure species i s  accessible 
from a phase, the  corresponding  diagonal parameter must be chosen as  the 
Gibbs f ree  energy of the pure species. From the  expression (41) for  ( a )  
i t   i s  easy t o  see t h a t  

N N  

j=1 k = l  
= c  c 

N 

k= 1 
where, of course,  in E \ ; ) x ~  I n  x i  the term k = i vanishes in the  limit 

as does the complete sum f o r  i = p. Suppose we define 

then i t  follows from equation  (39) t h a t  
1 

and from th is  we see t h a t  fo r  i = p 
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The  chemical   potent ia ls  i n  a d i l u t e   s o l u t i o n  have a simple  form  as  can  be 
seen f rom  equat ions   (71)  and (34).  

I f  we compare t h i s   t o   t h e   d e f i n i n g   e q u a t i o n   f o r   t h e   r a t i o n a l   o s m o t i c  coef- 
f i c i e n t   ( K i r k w o o d  and Oppenheim, r e f .  23, p. 164, eq. (11-31), and P i t z e r  
and  Brewer, r e f .  24, p.  321, eq. (22-22)), we see t h a t   t h e   s i m i l a r i t y   o f  
f o r m   p e r m i t s   u s   t o   i n t e r p r e t   t h e   f u n c t i o n s  E i j  as g e n e r a l i z a t i o n s  of t h e  
r a t i o n a l   o s m o t i c   c o e f f i c i e n t s .  

because we must now t a k e   i n t o   a c c o u n t   t h e   s t o i c h i o m e t r i c   c o e f f i c i e n t s  Via 
and because we are  now concerned  w i th   the   behav io r  as  xp + x,(o) = 6p 
where w i s  a f i xed   i ndex ,  and n o t  as x + 6 i  I n s t e a d   o f   t h e   r e l a y i v e l y  
s i m p l e   l i m i t i n g   v a l u e s  shown i n   e q u a t i o n  167)  w&'have 

The l i m i t i n g   b e h a v i o r   i n  a subspace i s  a b i t  more d i f f i c u l t   t o   d i s c u s s  

1 irn 
x + b  

P Pw 

-1 nn = v 
w 

x = v  I V  i i w  w 

where i n   e q u a t i o n   ( 7 5 )  and f o r   t h e   r e m a i n d e r   o f   t h i s   s e c t i o n   t h e  symbols v .  
a r e   t o  be i n t e r p r e t e d  as lim via. The  second and t h i r d   p a r t s   o f   e q u a t i o h a  

(75)   are a d i r e c t  consequence o f  equat ion   (56) .   The  four th   par t   can   be  ob- 
t a i n e d   s i m p l y   b y   l o o k i n g   a t   t h e   l i m i t i n g   b e h a v i o r   o f   t h e   g e n e r a t i n g   f u n c t i o n  
9( eq. ( 2 8 ) )  and r e c a l l i n g   t h a t   t h e  cp( are  homogeneous of degree JZ, w h i l e  
t h e   f i f t h   p a r t  comes f rom  equat ion   (33) .  The l a s t   p a r t  of e q u a t i o n   ( 7 5 )   i s  a 

x +6 
P Pw 

27 



consequence o f   E u l e r ' s   t h e o r e m   a p p l i e d   t o  'p( '). F r o m   t h e   d e f i n i t i o n   o f  E ( ' )  
g i v e n   i n   t h e   f i r s t  member o f   e q u a t i o n   ( 6 2 )  we see t h a t  

and so f rom  equa t ion  (61)  

and  as  a g e n e r a l   r u l e  LI; f pWW ( l )  a l though i t  c o u l d   s t i l  

p a r t i c u l a r  case. One very   impor tan t   spec ia l   case  fo r  wh 
t h e  one c o r r e s p o n d i n g   t o  an aqueous e l e c t r o l y t e   s o l u t i o n  
assumed t o  be  nonion ized and the   index  w l abe ls   wa te r .  
t i o n s   t h e   s t o i c h i o m e t r i c   c o e f f i c i e n t s   f o r   w a t e r   s a t i s f y  

and uW = 1. F o r   t h e s e   s t o i c h i o m e t r i c   c o e f f i c i e n t s   o n l y  

1 be t r u e   i n  some 

i c h  i t  i s  t r u e   i s  
i n  which  water i s  
Under  these  condi- 

u = O  o r  u = 1  

( l )  su rv i ves  on 
j W  j w  

LI ww 
t h e   r i g h t   s i d e  of equat ion  ( 7 6 ) .  I n  genera l ,   f rom  the  nonnegat iv i ty   condi -  
t i o n s   ( 5 2 )  and (55) ,  it i s   s u f f i c i e n t   t o   r e q u i r e   o n l y   t h a t  u w  = 1. 

T h e   c o n d i t i o n   i n   e q u a t i o n  ( 7 7 )  wou ld   no t   be   sa t is f ied  i f  we took   t he   i on i za -  
t i o n   o f   w a t e r   i n t o   a c c o u n t .  

Next I s h a l l   e s t a b l i s h   t h e   l i m i t i n g   f o r m   o f   t h e   c h e m i c a l   p o t e n t i a l  
i n   t h e   v i c i n i t y   o f   t h e   p o i n t  x,(w). The  chemica l   po ten t ia l  p i  o n l y  had" 
t h e   l o g a r i t h m i c   s i n g u l a r i t y   I n   x i ;  however, p u  can  have a l oga r i t hm ic   s in -  
g u l a r i t y   f o r  each i f o r  which w i U  = 0. Therefore, i n   c o n t r a s t   t o  equa- 
t i o n  ( 7 1 ) ,  I s h a l l   d e f i n e  

F r o m   t h e   f i r s t   e x p r e s s i o n   i n   e q u a t i o n  (64) f o r  p u  ( ') we have 
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where I have  used n o t a t i o n   a n a l o g o u s   t o   t h a t   i n   e q u a t i o n  (62) .  

I f  we u s e   t h e   e x p r e s s i o n   f o r  p u  g i v e n   i n   e q u a t i o n  (63)  and take  advantage 

o f   t h e   f a c t   t h a t  'p") = 1, then  

From t h i s   e q u a t i o n  and ( 7 9 )  i t  immed ia te l y   f o l l ows   t ha t  

N 

l= 1 
+ - v E (.e'> v .  ln(viw/vw> 1 u l w  l w  
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and  thJs r e s u l t   i s   c o n s i d e r a b l y  more  complex than the   cor respond ing   fo rmula  
f o r  u i (p )   g iven   in   equat ion   (72) .   F rom  equat ion  (78)  it f o l l o w s   t h a t  

as x 
P 

r e p r e s e n t s   t h e   l i m i t i n g   b e h a v i o r   o f  vu. 
The e x p r e s s i o n   ( 8 0 )   f o r  pm(w) s i m p l i f i e s   c o n s i d e r a b  

t h i s  case  the  second  summation  8ver a van ishes   i den t i ca  
l a s t  member o f   e q u a t i o n   ( 7 5 )  and o n l y   t h e   f i r s t  summation 
From t h i s  we see  immediate ly   that  

Thus, i n  general,  P ~ ( w )  C p; and f rom  equat ions  (82) and 

an e x p l i c i t   e x p r e s s i o n   f o r   t h e   d i f f e r e n c e  

l y  f o r  u = W. F o r  
l l y  b y   v i r t u e   o f   t h e  
over  a surv ives.  

(76)  we can o b t a i n  

Th is   f o rmu la   can   a l so  be o b t a i n e d   d i r e c t l y   f r o m   e q u a t i o n  (81) w i t h  u = w 

and p* = 1 i m  It i s   c l e a r   f r o m   e q u a t i o n  (83) t h a t  p;(w) and p: 
x +ti 

will be  equal   only  under  special   c i rcumstances. One such  special   case i s   t h e  
c o n d i t i o n  vu = 1, w h i c h   i m p l i e s   t h a t  vjw/vw = 0 o r  1 f o r   a l l  j values, 

b u t  i t  cou ld   a lso   be   t rue   under   o ther   c i rcumstances   s ince   the  E(') may be 

p o s i t i v e   o r   n e g a t i v e .  The  assumption vu = 1 also  engenders a cons iderab le  

s i m p l i f i c a t i o n   i n   t h e   e x p r e s s i o n   f o r  p;(w),  u f O. Under  these 
c i rcumstances 

p w *  w 
P P W  

j w  
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These results,  when  substituted  into the  formula (80) for p:(w), produce 
the expression 

(84) 
where  the  sum  over k  contains  only  one nonzero term because v = 1. Of 
course, if the stoichiometric  coefficients vkw and v u C w y  are 
orthogonal, as is generally the  case,  then  the sum  over k vanishes. 

reference  values  which,  of  course,  may  be  chosen  arbitrarily. Thus  one would 
express the  chemical  potentials for an  N-ary system  as (pi - p.) or as 
( p u  - P ) in a subspace,  where p i  and c are  independent  of  composition. 
For the  class of solutions described by the equations  of  this  report one 
might  reasonably select p i  = pi(p) and p, = p , ( ~ ) .  Perhaps  the most c o w  
monly used reference values,  especially for electrolyte  solutions,  are the 
so-called infinite  dilution  standard  states. These standard  states  are 
described, for example, by Kirkwood and Oppenheim (ref. 23). The use  of 
such  standard  states is predicated  on the existence of certain  limits in- 
volving the chemical  potentials  themselves. The particular  values  of  these 
limits  are of  no practical  consequence, but their  existence  certainly is. 
The limits in question  are  defined by 

ku’ 

Thermodynamic  properties  of  solutions  are  always  reported  relative to 
- 

A 
- 1 

U U 

- 03 n m 

where m, are molalities  relative to species W .  The first of  these is 
Kirkwood and Oppenheim’s equation  (11-8),  while the second is a combination 
of their  equations  (12-3) and  (12-7). The infinite  dilution  reference  values 
are p:(p) for an  N-ary  system  and p;, p:(w) for u f w in a subspace. Are 
the infinite  dilution  values  suitable  as reference values? Only if the l i m -  
its  (85)  and (86) exist. These limits,  like all limits,  are  experimentally 
unobservable and their existence for real  solutions  must  be  taken  as an  arti- 
cle of faith when one makes a decision  to  use  them.  Because the limits  are 
not experimentally  measurable,  their  values for real solutions  can only be 
obtained by an extrapolation  of data. But this makes the resulting  values an 
artifact of the extrapolation  technique and hence  they can be  of  no intrinsic 
significance.  Nonetheless, for the  class of  solutions  defined by the  equa- 
tions of this report and for those  real solutions which can be  adequately 
represented by these equations, it  is possible  to  evaluate these limits 
exactly  with  the aid  of the limiting  behavior  expressed by equations  (74) 
and  (81). 
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From  equations (85) , (74) , and (67)  we f i n d   t h a t  

T h i s   t h e n   p e r m i t s   t h e   e n u n c i a t i o n   o f  a simple  theorem: 

The limit p y ( p )   e x i s t s  and p y ( p )  = u;(p) i f  and o n l y  i f  

T h e   c a l c u l a t i o n   o f  U:(W) i s  a b i t  more  involved. I f  we use mT = x,mW/xu, 

then  f rom  equat ions   (86) ,   (81) ,  and (75)  it can  be shown t h a t  

where c y W  and E : ~  are   de f ined  by  

W 
N 

i= 1 
E 5 C V . E  

W 

U W  i u  i w  
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From t h i s   f o r m u l a   t h e r e   r e s u l t s  a second  theorem: 

m 

The limit p : ( ~ )  e x i s t s  and p:(w) = p z ( w )  - RT I n  
~- ~~ 

i f  and o n l y  i f  via = 0 o r  (viw = 0 and E ~ ~ / v ~ R T  = 1) f o r   a l l  i. 
m 

_ _ ~  

For  u = w we see t h a t  p 0 ( w )  c a n   e x i s t   o n l y  i f  viw = 0 f o r  a1 1 i, which 

c l e a r l y   i s   n o t   p o s s i b l e   f o r  i t  v i o l a t e s   t h e   c o n d i t i o n  ( 5 5 )  t h a t  vu > 0. 
Thus p o ( w )  n e v e r   e x i s t s  and p:(w), u f W ,  on ly   ex i s t s   under   spec ia l   c i r cum-  

stances. The n o n e x i s t e n c e   o f  p 0 ( w )  i s  a consequence o f   t h e   c o m p o s i t i o n  

dependence  used i n   t h e  second  term o f   t h e   d e f i n i n g   e q u a t i o n   ( 8 6 )  and n o t  be- 

cause o f   t h e   b e h a v i o r   o f  vu. The l i m i t s   p g ( p )  and p;(w) g e n e r a l l y   d o   n o t  

ex is t   s imp ly   because  the   parameters  E ! ! )  a r e   p e r m i   t t e d   t o   d i f f e r   f r o m  RT 

f o r   t h e   c l a s s   o f   s o l u t i o n s   u n d e r   d i s c u s s i o n .  

p r o p e r t i e s   r e l a t i v e   t o   r e f e r e n c e   v a l u e s .  They o f t e n   i n s i s t   o n   e x p r e s s i n g  
p r o p e r t i e s   r e l a t i v e   t o  a r e f e r e n c e   f u n c t i o n   w i t h   t h e   e x p e c t a t i o n   t h a t  
p r o p e r t i e s   r e l a t i v e   t o  a s u i t a b l y  chosen  func t ion  will e x h i b i t   s i m p l e r  
b e h a v i o r   t h a n   t h e   p r o p e r t y   i t s e l f .   T h i s   p r a c t i c e   l e a d s   t o   t h e   d e f i n i t i o n   o f  
a c t i v i t y   c o e f f i c i e n t s   b o t h   f o r  N-ary   so lu t ions  and f o r  subspaces o f   t h e s e  
so lu t i ons .  A common d e f i n i t i o n   f o r   t h e   a c t i v i t y   c o e f f i c i e n t   i n  an 
N - a r y   s o l u t i o n ,   r e l a t i v e   t o  L i ,  i s  

w 

w 

w 

1J  

Thermodynamic is ts   are  not   a lways  content   wi th   g iv ing  thermodynamic 

5 vi + RT I n   ( Y . x . )  
1 1  

w h i l e   f o r   s o l u t e s   i n  a subspace o f  an N - a r y   s o l u t i o n   t h e   a c t i v i t y   c o e f f i c i e n t  
yU, u f W ,  r e l a t i v e   t o  2, i s   c o n v e n t i o n a l l y   d e f i n e d  as 

The f o l l o w i n g   t h e o r e m   i s  a t r i v i a l  consequence o f   t h e   d e f i n i t i o n s   o f   t h e  

a c t i v i t y   c o e f f i c i e n t s  and the  va lues  pY(p) ,  V, (W) :  
0 

The limit lim I n  yi e x i s t s  and equals  [,Y(p) - - pi ] IRT i f  and 

~ ~~ m mP 
x +6 

~~ ~ ~ _ _ _ _ _  

o n l y  if p ? ( p )  ex is ts .   The limit lim I n  y,, u f W, e x i s t s  and 

equals  (u:(w) - tu)/ v,RT i f  and o n l y  i f  U;(U) e x i s t s .  

1 x +6 
.. - ~~~~ - ~~ 

P Pw 

" ~~~ 

C l e a r l y ,   s i n c e  p y (  p )  and p o ( ~ )  d o   n o t   g e n e r a l l y   e x i s t ,  yi and Y, will 
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generally  not  have finite limiting  values for members of the  class of solu- 
tions under  discussion.  Nonetheless it  is possible to define activity  coef- 
ficients Ti and Tu which  will  have finite limiting  values for all members 
of  the class. An  obvious  choice would  be the  definitions 

N 1 
N M 

i=l  t= 1 'U 
: p z ( u )  + nn-l via Eitxt In xi + v RT In Tu 

U J 
and  it  is clear  from equations  (74) and (81)  that Ti and  both  approach 
unity for  the infinitely  dilute  solution. 

The result  that yi and yo may  not  have finite limiting  values  is  of 
considerable importance  because  they  are  sometimes used to calculate practi- 
cal  osmotic  coefficients for the solvent in dilute  binary  solutions by quad- 
rature. The integration  extends from zero  solute  molality to some  finite 
value and requires the extrapolation of the solute activity  coefficient  to 
zero molality. Consequently  the value  of  the  osmotic  coefficient  calculated 
in this  manner is dependent  not  only  on  the  activity  coefficient  data, but 
also  on the chosen  method  of  extrapolation. The extrapolation  methods  chosen 
always  assume  that the  solute activity  coefficient (89) is finite,  actually 
unity, at zero molality. The resulting formula for the osmotic  coefficient 
(ref.  25) (also  see, e.g., Pitzer and Brewer, ref. 24, eq.  (23-22), p. 339) 
implies  that  its  value is also  unity  at zero  molality.  But  since  the  assump- 
tion on  which  it  is  based is  not  generally  valid for  the  class of  solutions 
under  discussion,  it is necessary  to look directly at the limiting  behavior 
of  the  practical  osmotic  coefficient for these  solutions. 

ical  potential. For an  N-ary solution  we  have the definition 

U 

Practical  osmotic  coefficients  are  defined in terms of the solvent chew 

while for a subspace  it is 

(see  Pitzer and Brewer  (ref. 24),  eq.  20-28), p. 263, and  eq. (34-331, 
p. 570). If we  use  equations (91),  (73),  (74),  and  (67), we see that 
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If we use   t he   expans ion   l n (1  + a) = a, i t  f o l l o w s   t h a t  

To c a l c u l a t e   t h e   l i m i t i n g   v a l u e   o f  $w, we f i r s t  obse rve   t ha t  

But i f  equat ions  (83)  and (87)   a re  used f o r  p; - pw( W )  and equat ion  (81)  

and t h e   f i r s t  member o f  (56 )  a re  used f o r  p w  - p W ( w ) ,  then  we  may w r i t e  

m 

m 

where 

A -1 M 
A r v n n  

W T  W T= 1 ' W T X T / E Z W  

But  i t  i s  easy t o  see t h a t  

lim A w T  = 1 = lim 
x +6 x +6 

A j w  
P PW P P W  

and consequent ly  

If, f o r  a g i ven   va lue  of j, E ~ ~ v ~ ,  = 0, then  we g e t   n o   c o n t r i b u t i o n   t o  
limit f r o m   t h i s   t e r m .  If, on  the   o the r  hand, v .  f 0, t h e n   t h i s  imp 

m 

Jw j w  
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where i n   t h e   l a s t   s t e p  I used l n ( 1  + a )  = U. From t h i s  i t  i s   c l e a r   t h a t   t h e  
c o n t r i b u t i o n   o f  a p a r t i c u l a r   t e r m   i s   d e p e n d e n t   o n   t h e   d i r e c t i o n   i n   w h i c h  one 
a p p r o a c h e s   t h e   i n f i n i t e l y   d i l u t e   s o l u t i o n  and consequent ly  so t o o   i s   t h e  lim- 
i t i n g   v a l u e   o f  Q,,,. Suppose we a p p r o a c h   t h e   i n f i n i t e l y   d i l u t e   s o l u t i o n   a l o n g  
a l i n e   o f   f i x e d   s o l u t e   p r o p o r t i o n s ,   t h a t   i s ,   a l o n g  a cu rve  whose paramet r ic  
r e p r e s e n t a t i o n   i n   t h e   v i c i n i t y   o f   t h e   i n f i n i t e l y   d i l u t e   s t a t e   i s   g i v e n ,   t o  
f i r s t   o r d e r   i n  t, b y  

where  ax  are  constants and t i s  a mark ing   parameter   fo r   the   curve .  

C l e a r l y ,  we then  have 

I f  we d e s i g n a t e   t h e   l i m i t i n g   v a l u e  o f  Q a l o n g   t h i s   d i r e c t i o n   b y   Q z ( a x ) ,  
then w 

where  the  summation  over j i s   t o  be  read  as  the sum o v e r   a l l  j values 
such t h a t  vj,,, f 0. F o r   t h e   s p e c i a l   c a s e   o f  a pa th   a long   wh ich   on l y  one so l -  
u t e   i s   p r e s e n t  we have aAf, = 0 and a, f 0 i f  CJ i s   t h e   l a b e l   f o r   t h a t  
so lu te .  U n d e r   t h e s e   c o n d l   I o n s   t h e   r e s u l t   ( 9 4 )   s p e c i a l i z e s   t o  

I f  v = 1, t h e n   o n l y  one t e r m   i n   t h e  sum over  j i n   e q u a t i o n s   ( 9 4 )  and (95 )  

surv ives  and  a1 so = E ( l )  and cwW = E ( ~ ) .  From equat ion   (95)  we can 

conc lude  tha t  Q ~ ( u )  will depend  on t h e   s o l u t e   o n l y   t h r o u g h  vu i f  and o n l y  

if t h e  sum over  j vanishes.  This will occur ,   fo r  example, i f  v .   v .  = 0 

w 
OD 

j w  j, w w  

l a  lo 
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o r  E: = 0 f o r   a l l  i. S i m i l a r l y  it i s   t r u e   t h a t  vU@i (a )  = v T @ i ( = )  if 

and o n l y  i f  ~ ~ ~ ( v ~ ~  - vj,) = 0, and t h i s  will happen i f  
1 W  

m 

j 3 v  $0 
j W  

- vir)viw = 0 o r  = 0 f o r   a l l  i. 
m 

CONCLUDING REMARKS 

I n   t h i s   r e p o r t  I have  const ructed a f u n c t i o n   t o   r e p r e s e n t   t h e  composi- 
t i o n  dependence o f   t h e   G i b b s   f r e e   e n e r g y   f o r  a c l a s s   o f   n o n i d e a l   s o l u t i o n s  
and s tud ied  some o f   i t s   p r o p e r t i e s .  The func t ion   has   severa l   use fu i   charac-  
t e r i s t i c s :   ( 1 )   I t s   p a r a m e t e r s ,   w h i c h  depend  on the  in tens ive  thermodynamic 
v a r i a b l e s   w h i c h   s p e c i f y   t h e   s t a t e ,   a p p e a r   l i n e a r l y .  ( 2 )  It con ta ins  a loga- 
r i t h m i c   s i n g u l a r i t y   i n   t h e   r e g i o n   o f   d i l u t e   s o l u t i o n s  and c o n t a i n s   i d e a l  
s o l u t i o n s  and r e g u l a r   s o l u t i o n s  as specia l   cases.   (3)  It i s   a p p l i c a b l e   t o  
N-ary  systems  and  reduces t o  M-ary  systems ( M  < N) i n  a f o r m   i n v a r i a n t  man- 
ner. Because t h e   p a r a m e t e r s   i n   t h e   f u n c t i o n   o c c u r   l i n e a r l y ,   a l l   d i s c u s s i o n s  
o f   t h e  Gibbs f ree   energy   can  be t rans la ted   immedia te ly   to   o ther   thermodynamic  
func t ions .   For  example, i n   t h e  case o f  a f l u i d ,   t h e   i n t e n s i v e  thermodynamic 
va r iab les   a re   t he   t empera tu re  T and pressure P, and the  Gibbs  f ree  energy 
(eq. (50)) can   be   conve r ted   i n to   equa t ions   f o r   en tha lpy  and volume  by 
d i f f e r e n t i a t i o n .  

j=1 k = l  L J 

The u t i l i t y   o f   t h e   f u n c t i o n  I have  const ructed  must   be  judged  not   on ly   by 
i t s   c o n v e n i e n t   a n a l y t i c a l   p r o p e r t i e s ,   b u t   a l s o   b y   i t s   a b i l i t y   t o   r e p r o d u c e  
t h e   d a t a   f o r   d i f f i c u l t   r e a l  systems. T h i s   a s p e c t   o f   t h e   p r o b l e m   i s  examined 
i n  a companion r e p o r t  (NASA TP-1930),  where we determi  ne the  parameters  from 
exper imenta l   data  for   severa l   systems  by  the  method  o f   least   squares.  

Lewis  Research  Center 
Nat iona l   Aeronaut ics  and  Space A d m i n i s t r a t i o n  
Cleveland,  Ohio, December 15, 1981 
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